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Chapter 3

The Hilbert transform

In this chapter we will study the Hilbert transform. This is a specially
important operator for several reasons:

e Because of its relationship with summability for Fourier integrals in LP-
norms.

e Because it constitutes a link between real and complex analysis

e Because it is a model case for the general theory of singular integral op-
erators.

A main keyword in the theory of singular integrals and in analysis in
general is cancellation. We begin with some easy examples of what this
means.

3.1 Some objects that exist due to cancellation

One main example of something that exists due to cancellation is the Fourier
transform of functions in L?(R9). In fact the whole L-theory of the Fourier
transform exists thanks to cancellation properties. Let us review for example
the well-known Parseval’s theorem, stating that for f € L'(R?)NL?(R%) one
has || fll2 = || f|2, a result that allows to extend the definition of the Fourier
transform to L?(R?). Formally,

/Rdlf(f)lzdﬁz/w /Rd f(x)f(y)(/Rd 2762 46 ddy.

This being equal to [z |f(x)[? dz means formally that

/]Rd eXmiET e = 5o ().

Along the same lines, let us look at the Fourier inversion theorem, stating
that whenever f € L'(R%), f € L'(R?) one has



@)= | e

Again, the right hand side, by a formal use of Fubini’s theorem becomes

/ ( / F)e € gemieae = [ ) / ¢ 2mEW=) 4y e,
R4 JRA R4 R4

If this is to be equal to f(z) we arrive to the same formal conclusion, namely
that superposition of all frequencies is zero outside zero. An intuitive way
to understand this is by noting that (d = 1)

R .
/ (2mie g _ sm(27rRx)’
R
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is zero for  an integer multiple of &, so when R — 400 the zeros become
more and more dense.

The Fourier transform exists trivially if f € L'(R%), but not so trivially
if f € L%(R%). It exists, in the L2-sense

Fl&) =t [ fula)e e da,

with f, arbitrary in L'(R?) N L?(R?) such that f, — f in L?(R%). The
most trivial choice is to take fr(z) to be equal to f(z) if || < R and zero
elsewhere, so that

fo=tp [ s@ecan,

the limit being in the L2-sense. It is a general and very deep result due to
L. Carleson that this limits exists a.e.

To illustrate all this we will consider the Fourier transform of two partic-
ular functions, none of which in L!(R), and study the pointwise behaviour
of the limit above.

For instance, [p S22

dx is conditionally convergent, meaning that

R .
e (3.1)
R—o0 R X

exists while [ |Si§$ | dx = +00. The later can be proved by estimating from

below the contribution to the integral at points |z — (5 + k7)| < 4,k € Z.
Alternatively, noting that the Fourier transform of 1;_, 4 is

/ " emamae g, _ Sm2mag
“ €




we can argue that it cannot be integrable, because if it were, by Fourier in-
version theorem, 1_, ,) would be continuous. We note too that by Parseval’s

theorem i 9mat
sin 2wag 9
—_— = /1 = 2a.
/R( 7T§ ) df /R [—a,a] a

Regarding the value of the integral, we will see that the limit

R
. sin 2ma. :
lim 76 e2mite

R—+o00 J_Rp 7['6 d§ = 1[—a,a}(x>7 (32)

that as we know exists in the L? sense, exists too pointwise a.e., in fact for
x # +a. Indeed, by using residues we have that

R ez’af

dg

R—o0 271 R §
equals %Res(%,O) =1 if a > 0and —1 if & < 0, and this implies (??).
For x = 0 we get that

R sin 2ma¢

li —de =1
R—1>I£OO —R 7T£ 5 ’

from which it follows that the integral in (?7) equals 7.
Another example are the Fresnel integrals

/sinx2da:,/ cos 22dz.
R R
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By the change of variable u = x* one has

R R?
1 sinu
/ sin z?dx = = — du,
0 2Jo Vu
so the integral is not absolutely convergent. To compute the integral we will
see more generally that
R R 1

lim emome? o=2ming gy — 9 lim e~ cog 2mxé dr = —eat’,
R—+o00 R R—+o00 0 \/a
(3.3)

for Rea > 0 and all £ € C. For Rea > 0, the above is the Fourier transform
of fo(z) = e ™ a function in the Schwarz class. Since it is holomorphic
in a and for «,& real equals %6_552, the same holds true by analytic
continuation first in o and then in &, that is

; 1 ™
F(a,§) = /Re_o‘”Qe_meé dx = ﬁe_ﬁQ,Rea >0, e C.



By making Re @ — 0 we can already conclude that the Fourier transform, in
the sense of distributions, of e—omr? ig %6_262 also if Rea = 0. However,
this does not imply (?7). To compute the limit in (??) when Rea = 0
we will exploit the analyticity in = as follows. We consider the contour
in the z-plane given by the segment [0, R], the arc t — Re™ 0 < t < I,
and the segment from Re'T to 0, and apply the Cauchy theorem to the
entire function e~ 7 cos(2mz€). The contribution of the arc is bounded by
aRe PR*+eR with some positive constants a, b, ¢ depending on &, and so has

limit zero when R — oco. Hence, parametrizing with z = t%, we get

R : R ;
1 , 1
lim emomr’ cos(2mx€) dx = Rl lim / eomit® cos(2m i Zt{)dt.
R—+o00 Jg \/§ R—o0 J \/Q

If Reia > 0, that is, Im a < 0 this shows that the limits exist and equals

F(ia, = —=e a°
vz 5=
as claimed. For £ = 0 and a = —% we get the value % for the Fresnel

integrals.

3.2 The conjugate Poisson kernel and the Cauchy
transform

One method to study the summability of the Fourier integral is by the means
method. The Abel method consists in using

‘]E(g)efQﬂ’t\ﬂeZTrim-f d.
Rd

The behaviour as t — 0 is easily understood. Indeed, by Fubini’s theorem
the above equals

/ ) / ¢ 278 2TIECY) de)dy = (f # Py)(a),
R4 R4
with

Pt(x) — /Rd 6727rt|§|627'rix~€ df

Let us compute explicitly P; in d = 1:

+oo . 0 )
Pt(l’) :/ e27r§(zx—t) d£+/ 627r§(zx+t) d¢ = A—I—B,
0

—0o0

with



This gives

1 ¢

ma? 4+t

Note that P;(z) = }P(x/t), with P = Py, and that Py, e 2m¢l are a Fourier
pair, P is positive with integral one. In dimension d > 1 the computation is
harder, the result being P;(x) = t~¢P(x/t), with

Pt(lL‘) =

P(‘T) =0 gi>C = dzl
(o + D)%

It is convenient to look as (f * P;)(x) as a function of (x,t) in the upper
half space ¢t > 0. Noticing that P is in all LP-spaces we define

Definition 1. For f € LP(R%),1 < p < +oc, we define the Poisson trans-
form u = P[f] as the function defined in the upper half-space ¢ > 0 by

Plfl(z,t) = (f«P)(z) = . /Rd f(y)(x_yt)hrt2 dy = 5 F(€)e2mIel 2rmine e

™

Since we will need it again in a more general form we state again the main
properties of convolutions with functions of the form hy(x) = t~¢h(x/t), with
h € LY(RY).

Proposition 1. Let h € LY (R?),m = [ h, and set hy(z) =t~ 4h(z/t).. For
f e LP(RY),1 < p < 400, consider f * hy. Then

o |[fxhlp, < | fllpllhl1, and fxhy = mf ast — 0in Lp(Rd),l <p<
+00.

e If f is bounded and continuous at g then f x hy(zg) — mf(xo).
e If f is bounded and uniformly continuous then f*h; — mf uniformly.

o If the least radially decreasing majorant of h,

U(z) = sup [h(z)],
[yl=le|

is in L' (RY), then f * hy(z) — mf(z) a.e.

Proof. The continuous Minkowski inequality implies the first assertion. We
write

[rhi(z) = /Rd flx—y)he(y)dy, fxhi(x)—mf(x) = /Rd(f(w—y)—f(w))ht(y)dy,
so that

o) =mf @) < [ 1£ =) = F@)In)dy
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and by continuous Minkowski inequality again

I =mly < [ f = fldrld

The dominated convergence theorem implies then all assertions but the last.
We saw in the first chapter that

sup |f  hu(@)] < [0S (a),

so that the maximal function on the left satisfies a weak (1,1) estimate,
hence it suffices to check the last assertion for f continuous with compact
support, and this is the second statement. O

Theorem 1. Let f € LP(R%),1 < p < +oo and let u = P[f] be its Poisson
transform. Then

e The function w is harmonic in the upper half-space ¢ > 0.

e The function u satisfies

P
sup ([ luGe 0P at) " < 11501 < p < o fulo, 0] < s = ¢
(3.4)

e lim; ,ou(x,t) = f(z) a.e. In fact the non-tangential limit

lim u(y,t
(y’t)ﬁxa‘yfaﬂgfj (y )

is a.e. equal to f(z).

The fact that w is harmonic is checked on the Fourier transform side
definition. The other properties are restatements of proposition 7?7 in the
particular case of the Poisson kernel. The last statement is checked first for
f continuous with compact support and then it follows from the fact that
the non-tangential maximal function is also bounded by M f for general f.

The space of harmonic functions in the half-space satisfying (?7) is de-
noted by hp(RiH). It is possible, for 1 < p < 400 and using the Helly se-
lection theorem (that is Banach-Alaouglu theorem for LP- spaces) to prove
that it is exactly the space of harmonic functions that are Poisson trans-
forms of functions in LP(R?). For p = 1 it is the space of Poisson transforms
Plu)(x,t) = (u* P)(z) of finite complex Borel measures x in R?. If u € h',
and moreover, lim; u(-,t) = f exists in L', then u = P[f].

We now consider only d = 1. We know that an harmonic function u in a
simply connected domain has up to constants a unique harmonic conjugate
v, that is, such that w 4+ v is holomorphic. Let us compute explicitly the



harmonic conjugate of u = P[f]. For this purpose we rewrite, in terms of
z =x + it,

+ooA . 0 R .
ma=mma=A f@WM%+K_ﬂ&”W%

which exhibits P[f] as the sum of an holomorphic function and a antiholo-
morphic function.
We define v(z) by setting

+o00 0
. _ £ 2miz€ de — F 27ri2£d
) = [ foemEas— [ foenas
so that v is also harmonic and
+oo )
i) =2 [ HOPE
0

is indeed holomorphic.

This is the expression of v in the Fourier transform side. On the other
side we can use the same computations done above. Indeed, to define iv we
have separated the contribution of positive and negative £ and changed the
sign of the later. This corresponds to considering, in the above notations,
A — B =A— Ainstead of A+ B. Since

— 1 1 1 1T
A-—A=— — =——7
27T(t—ix t+ix) a2+t
this means that v(z,t) = (f * Q¢)(z), where
1 z - s 3 —27t
Qi(x) = Tl 2 Qi(§) = —isign(§) e .

Note that Q:(z) = $Q(z/t), with Q(z) = £ =5 and that

1 t+ix 7
P ' -t _
1(7) + iQ(2) T2 +t2 w2z
The family @y is called the conjugate Poisson kernel. Notice that Q ¢ L*(R)
but @ € LY(R) for 1 < g < 4o0.

Definition 2. If f € LP(R),1 < p < +oo we define the conjugate Poisson
transform Q[f] of f as the harmonic function in the upper half-plane defined
by

and the Cauchy transform by

Cf(z) = 1 /Rf(y) dy,z ¢ R.

S 2mi Jpy -2
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The computations above show that

1 oo .
CIE) = ZPUN+QUDE) = [ O ds.t =Tmz>0.
They also show that
. _ o TiZ _ 1 f(y)
(Pl-i@E =2 [ feemis— - [ T a,

or

C(2) = 5(~PLIE) +iQUE), Imz < 0.

3.3 The Hilbert transform

We want to study now the behaviour of f x @); as ¢ — 0. Formally we have

lim Qu(x) = ~ =, lim Qy(€) = —isign(&).

t—0 T x t—=0

Convolution with % does not mean sense since it is not integrable and
neither is a distribution. Now, recall that thanks to Parseval’s theorem, any
bounded measurable function m in R defines a translation invariant operator
T in L2(R) by setting Tf(€) = m(€)f(€), and then |T|| = ||m|lc. In our

case, then, it makes sense

Definition 3. The Hilbert transform H is the translation-invariant operator
defined in L?(R) by

Hf(€) = —isign(€)f(€),

or, equivalently,
Hf =lim fQ, in L*(R).
—

Theorem 2. The Hilbert transform H satisfies:

e It is an isometry of L?(R) with H* = H~! = —H, hence
[Hig=- [ 1Ho.19c P®)

o With the notation py f(z) = f(\z), A > 0 for positive dilations and f(z) =
f(—x) for the reflection operator, H commutes with the p), Hpy = prH,

and anticommutes with the reflection operator, H(f)(x) = —H f(z) =
—Hf(—x).

o If T is a bounded operator in L?(R) that commutes with translations,
with positive dilations, and anticommutes with the reflection operator,
then T'= cH for some constant c.



Proof. Let us call m(§) = —isign(§) for the multiplier of H. The first
statement then corresponds to |m| = 1, ~1 = —m. Now, one has

p/ATf(é) = f(&/N), and f(&) = f(=€) = f(&); therefore, a a translation
invariant operator with multiplier m commutes with positive dilations iff
m is a constant on RT, and it anticommutes with the reflection iff m is
odd. Thus, H has these properties and any other operator with the same
properties is a scalar multiple of H. ]

m=m

Notice that the same argument shows that the multiples of the identity
operator are the only ones that commute with translations, with positive
dilations and with the reflection.

Thus we have a clear picture of what is lim; (); on the Fourier transform
side and now we would like to understand it as a convolution operator.
Formally,

) 11

ipQile) =22
which is not a locally integrable function, neither it is a distribution, it does
not make sense something like

11 fly) dy.

TJrRY—Z

At this point we recall the definition of the so called its principal value,
namely,

1 1 -
i L f(y) dy = / flz—y) .
=07 ly—z|>t T — Y T Jly|>t Yy
We will set ®(z) = 11,54, and
1 1 flx—y
mf) = 1= e)w =+ [ L0,
Q T Jly|>t Yy
The functions @, that also obey ®;(z) = 1®(z/t), with ® = ®;, have
limit in the distribution sense, that is, the limit
: : p(y)
lim(® =1 =
tg%( ts @) tg% e y dy7

exists for every ¢ € S(RI). This is because exploiting that the kernel is odd
the limit equals

ey —e(=y) g e(y) — #(0) e(y)
/0 W= /y|<1 o /y|>1 .

The limit of ®; in the distribution sense is called p.v%. Thus,



1 1 1
lim Hyp(x) = —p*(p.v.—) = lim —
7r

t—0 xT t—0 T ly|>t Yy Yy

exists for all ¢ € S(RI) and all z. Now we will see that in fact it exists for
general ¢ € L?, and equals H ().

Theorem 3. For f € L?(R), the Hilbert transform, that has been defined
as
Hf =lim f * Qq, in L*(R),
t—0

or equivalently, by f[?({) = —isign(€) f(£), is also given by
Hf=2(fspol)=timHf = lim ~f +®
o L e R e b

that is )
Hiw) = po. | “y” dy,

where this limit is in L?-norm as well. Moreover, for both expressions
lim f % Qu(z) = lim H f(x) = Hf(x) a.e.x.
t—0 t—0

Proof. First note that for f € L?(R) we have that Q;f = P,Hf because
both have the same Fourier transform —isign(f)e*%t'ﬂf({). Since P; is an
approximation of the identity with a radial function, it follows that Q; f(z) =
P,(Hf)(x) has limit Hf(z) a.e. Next we look at the difference hi(xz) =
Qi(z) — 1@(x), that also obeys the rule hy(z) = $h(z/t),, with

t
1| e, 2l <1

h(z) = — 1‘;“” i1
™ |l >1

T+z2 =z x(l-}-aﬂ)

Since h is odd, it has integral m = [ h = 0; moreover, its radial majorant
¥ is explicitly, up to the factor %, equal to m if || > 1 and so it
is integrable. Applying the proposition 77, we see that lim; o f * hy = 0,
for f € LP(R),1 < p < +00, both in LP- norm and pointwise a.e. Since for
f € L2(R), the limit of f * Q; equals Hf both in L?-norm and pointwise
a.e., the same happens with Hyf. O

That completes the definition of H in L?(R), from three points of view:
through a multiplier —i sign(¢) of L?(R), through a complex analysis point
of view (limit of the conjugate harmonic function Q[f]), and from the real
analysis point of view ( as a principal value integral), the limits existing
both in the L?-sense and a.e. pointwise.

10
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3.4 The Cauchy transform in L?*(R). The holo-
morphic Hardy space H?(II)

As mentioned above, the map f + P[f] is a one-to-one map between L?(R)
and the space h%(II) of harmonic functions u(z,t) in the upper half space II
such that

sup/ lu(x,t)|? doz < +oo.
t JR

The closed subspace of h?(IT) consisting of holomorphic functions is de-
noted by H?(I). From the decomposition

+oo ) 0 R .
PIf](2) = /0 F(€)ex= de + /_ F(6)ex dg

it follows that P[f] is holomorphic if and only if f is supported in (0, +00)
in which case

1 [ fly)

2 Jgpy— 2

—+o00 R )
P(f](z) = /0 F(&)ei=€ de = Cf (2)

and is antiholomorphic (conjugate of an holomorphic function) if and only

if g = f is supported in (—o0,0).
From the relation Cf = (P[f] +iQ[f]) we see that

limy Cf (o + 1) = (7 (@) + i H [ (@),

both in the L?- sense and pointwise a.e.

We may think then that on the Fourier transform side L?(0, +oc0) is the
holomorphic closed subspace of L?(R), its orthogonal complement being of
course L?(—00,0). The orhogonal projection A onto this subspace, that
in the Fourier transform side is simply defined Af(§) = f(§)10,400(&) is
done on the other side by A equal to the boundary value of C'f, that is,
A= 1(I+iH). Indeed the multiplier of A is 1(1 + sign(£)) = 1(0,00)- The
properties of H translate precisely in A being a projector, for instance

2 1 2 L 2, o 1 .
A = Z(1+2H) = Z(I—H +2H) = §(I+2H) = A,
and similarly the others.

It follows from all this that the operators H, A and C' are equivalent,
and their properties the same.

Note finally that from the computations in section 3.2 it follows that the
jump of the Cauchy transform

}i_{%Cf(x—i—it) —Cf(x —it) = f(x),a.ex.

11



This is a general fact for Cauchy transforms. If I" is an arbitrary rectifi-
able curve and

Crf(z / 1) g,
" 2mi —
then the boundary value at one point wg € T is
1 1 w
i(f(wo) +i—p.. L)dw),
T T w—wp

and so the jump is f(wp). This result is known as Plemej formula.

3.5 The Calderon-Zygmund decomposition

In chapter 2, in the setting of interpolation theory, and in a general measure
space (X, pu), we have used the following decomposition of a function f €
L'(X), given A > 0,

f=9+bg9= [l b= [l

The function g (standing for g) inheritates the property of f, meaning that
llglli < |If|l1, but has an additional good property, namely it is bounded by
A. The function b, which stands for bad, also is integrable with ||b]|1 < || f]|1,
and has an additional property, namely that its support has measure less
than w

In measure spaces with more structure, as in the real line, it turns out
that something more deep can be stated. This is the contents of a famous
decomposition due to Calderon and Zygmund, that plays an important role
in the theory of singular integrals. We need first another famous result, due
to Riesz, named the Rising sun lemma, because its proof consists simply in
thinking that the sun rises from the right of the graphic of g.

Lemma 1 (The rising sun lemma). Let g : R — R be a continuous function
with g(—o0) = +o00, g(+00) = —00. Let

E = {x : there existsy > xsuch that g(y) > g(x)}.

Then E is open, and if not empty it is the union of intervals I = (ax, k),
with g(ax) = g(B).
Theorem 4 (Calderon-Zygmund decomposition in R). Let f € L'(R), f >

0, A > 0. Then, there is a sequence I}, of disjoint open intervals such that

f=X\ flx) < Mfor ae. x ¢ Ugly.
!fk! I

In particular,

Sl =3 [, 7310

12



Proof. We apply the rising sun lemma to
g(z) = / f(t)dt — Ax.

Then g(ay) = g(Bx) means exactly that the mean over Ij is A\. Next, by
Lebesgue’s differentiation theorem (chapter 1), we know that al almost every
point ¢ has derivative f(xz) — A. Since at the points of E where ¢'(z) exists
it must be < 0, we have that f(z) < A a.e. outside E. O

Then we define

_ f(:l?),fL‘%E - 0,$¢E
g(‘r)_{A,er b(x)_{f(x)—)\,er

Then ||g|[1 = || f]|1, g is bounded by A a.e. We have too that b is supported
in a set F = Uil with measure

Sl =5 [ £= 516,

and also

1Bl =Zk:/lk|f(x)—kl SZ;/kaZﬂlflll.

What’s new with respect the previous ”trivial” decomposition? The fact
that we can write b = ), by, with each bj, supported in I}, with mean zero.

We refer to the decomposition f = g 4+ b as the Calderon-Zygmund
decomposition at level A.

3.6 Kolmogorov’s and Riesz’s theorem

The Kolmogorov’s theorem asserts that the Hilbert transform satisfies a
weak (1,1) estimate. He proved this using complex analysis. Here we shall
give the real analysis proof based on the Calderon-Zygmund decomposition,
since it goes over to dimension d > 1.

Theorem 5 (Kolmogorov’s theorem). There exists a constant C' such that
for f € LY(R) N L3(R),

o s 1HF@)] > M < S

Proof. We may assume that f > 0 by decomposing f in its real and imag-
inary part, f = f1 +if2, and then in positive and negative parts, f; =

13



f;r —[f;,7 =12 We fix A > 0, apply the Calderon-Zygmund decomposi-
tion at level A and consider f = g +b. Then g € L' N L? (because it is in
L' and bounded), and so is b. We have |H f| < |Hg| + |Hb|, whence

HIE| > M < [{Hgl > D3|+ {1 > ).

The first term is estimated using that H is bounded in L?: by Tchebychev’s
inequality, the first term is bounded by

4 4
ﬁHHQHZ = FHQHQ

But ¢ being bounded by A implies ||g|l2 < Al|g|l1 < Al|f]|1, therefore this first
term satisfies the required estimate. Let us now denote by I} the interval
with the same center ¢, as I}, but twice its length, and set E* = U, I}}. Since

N 2
B <2315 < S,
k
we need just to estimate
. A
o & E7 ¢ [Hb(z)[ > S},
By Tchebychev’s inequality once again, it is enough to prove that

/ |Hb(x)|dz < C| f|h.
R\ E*

and for that, using b = )by, Hb = ), Hby, it is in turn enough to prove

that
> [ Hn@lds <l
kIR

With this purpose we will obtain a pointwise crucial estimate. For = ¢ I},
1 b
Hby(x) = / Mdy.
s I, r—Y

But by has mean zero over I, and therefore

Hby(z) = 71r/1k br(y) (xiy - x_z}g) dy = i/lk br(y) <(x _yy)_(;k_ Ck)) dy

where ¢ denotes the center of Ip. Having exploited cancelation we now
estimate the size of |Hby(z)|,z ¢ I};, using |y—cx| < |Ix|, and that 1|z—c;| <
|z —y| < %\m—ck\ for y € I, x ¢ I} by

1|

H <
() < O

| ety ¢ 1
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Therefore,

1
[ ian@ds <cini(| mwlay [
R\T} I R [T = o

But this last integral is a constant times Ilel’ so we see that

/ | Hby ()| de < / b ()| dy,
R\I} I

so that summing in k£ we are done because ||b|| < C|| f]]1. O

Theorem 6 (Riesz’s theorem). The Hilbert transform satisfies a strong
(p, p)-estimate for 1 < p < 4o0:

IH fllp < Collfllp, f € LQ(R) N LP(R).

Proof. For 1 < p < 2 this follows from Marcinkiewicz interpolation theorem.
For p > 2 we argue by duality exploiting that H is essentially self-adjoint:
for f € S(RI),

|Hfl, = sup /(Hfm]:
llgll,y <1
- s / f(Hg>] < I Hglly < 1FIC gl < Cor £
gl <
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