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Introduction



Market Making

What is a market maker?
e A market maker is a liquidity provider. He / she provides bid and

ask prices for a list of assets to other market participants.

e Today, market makers are often replaced by market making
algorithms.
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A market maker faces a complex optimization problem
e Makes money out of buying low and selling high (bid-ask spread).

e Faces the risk that the price moves adversely without him/her being

able to unwind his position rapidly enough.




Literature: a bit of history
e Ho and Stoll (1981)
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New interest 20 years later

e Avellaneda and Stoikov. High-frequency trading in a limit order
book. Quantitative Finance, 2008.




Avellaneda-Stoikov: a first model
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Avellaneda-Stoikov modelling framework

e One asset with reference price process (mid-price) (S;);:

dSt = O'th J

e Bid and ask prices of the MM denoted respectively

St =5 —46band 57 =S, + 62. J

e Point processes N? and N? (indep. of W) for the transactions (size
z =1). Inventory (q;)::

dq; = zdNP — zdNz?. J




Avellaneda-Stoikov modelling framework (continued)

e The intensities of N? and N? depend on the distance to the
reference price:

Ao = AP(§2) and A2 = A?(62).
AP, A% decreasing. Avellaneda and Stoikov suggested
AP(5) = N2(6) = Ae ko,
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Avellaneda-Stoikov objective function and HJB equation

CARA objective function
sup  E[—exp(—v(X7 +q757))],
(5f)t7(6?)t€A
where ~y is the absolute risk aversion parameter, T a time horizon, and A
the set of predictable processes bounded from below.




Avellaneda-Stoikov objective function and HJB equation

CARA objective function
sup  E[—exp(—v(X7 +q757))],
(6?)t7(6?)t6A
where ~y is the absolute risk aversion parameter, T a time horizon, and A
the set of predictable processes bounded from below.

V.

An (a priori) awful Hamilton-Jacobi-Bellman
(HJIB) 0= du(t,x,q,S) + %028§5u(t,x7 q,S)
—|—s;1bp/\b(6b) [u(t,x — 28 + 26", + 2,5) — u(t, x,q, S)]
+s:;ap N (67) [u(t,x + 25+ z6°,q — z,S) — u(t, x,q, S)]

with final condition:

U(T7X7q75) = _eXp(_’Y(X"i_qs))'




A rigorous analysis

Solution of the Avellaneda-Stoikov model

e Guéant, Lehalle, and Fernandez-Tapia. Dealing with the Inventory
Risk: A solution to the market making problem. MAFE, 2013.




A rigorous analysis

Solution of the Avellaneda-Stoikov model

e Guéant, Lehalle, and Fernandez-Tapia. Dealing with the Inventory
Risk: A solution to the market making problem. MAFE, 2013.

When risk limits are set, solving the AS model with exponential intensities

boils down to solving a system of linear ordinary differential equations!



Market making: an interesting
research strand



Many extensions of the initial one-asset model

e Multi-asset framework.

o General intensities (e.g. logistic).

e Variable RFQ sizes.

e Different objective functions (mean-variance-like criterion).

e Client tiering.

e Adverse selection.

e Drift / signal / alpha.

e Access to liquidity pools (exchange / IDB - for some asset classes).

e Market and limit orders (not relevant for all asset classes).
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Papers by Cartea, Jaimungal et al.
e Cartea, Jaimungal, and Ricci. Buy low, sell high: A high frequency
trading perspective. SIAM Journal on Financial Mathematics, 2014.

e Cartea, Donnelly, and Jaimungal. Algorithmic trading with model
uncertainty. SIAM Journal on Financial Mathematics, 2017.
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Papers by Guilbaud and Pham
e Guilbaud and Pham. Optimal High-Frequency Trading with limit
and market orders. Quantitative Finance, 2013.
e Guilbaud and Pham. Optimal High-Frequency Trading in a Pro-Rata

Microstructure with Predictive Information. Mathematical Finance,
2015.
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Multi-asset market making

Extensions to multi-asset portfolios
e Guéant. The Financial
Mathematics of Market Liquidity.

From Optimal Execution to Market
Making. CRC Press, 2016.

e Guéant. Optimal market making.
Applied Mathematical Finance,
2017.
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Figure 2: Another nice book
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Multi-asset market making

The problem

The number of equations to solve typically grows exponentially with the
number of assets.
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Asset classes

Extensions to derivatives
e Stoikov and Saglam. Option market making under inventory risk,
Review of Derivatives Research, 2009.

e Abergel and El Aoud. A stochastic control approach to option
market making. Market Microstructure and Liquidity, 2015.

e Baldacci, Bergault and Guéant. Algorithmic market making
for options. 2020. (On ArXiv, in revision)
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Option market making: the
model



Asset price dynamics under P

dv, = ap(t,ve)dt + &\ /vrdWY .
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The options

e We consider N > 1 European options written on the above asset.
e Fori=1,...., N:

e Maturity of the i-th option: T'

e Price process of the i-th option: (O{»)te[O,Ti]
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The options
e We consider N > 1 European options written on the above asset.
e Fori=1,...., N:
e Maturity of the i-th option: T'
e Price process of the i-th option: (Ot).c[o, 77

Partial differential equation
Oi = 0/(t, S, v¢) where

0= 8,0/(t, S, v) + ag(t, )3, O/ (£, S, v) + %1/523_%50"(1‘, S.v)

+ ptvS250/(t,S,v) + %g%aﬁy 0'(t, S, v).

16



Distribution of requests
e Requests on option /i arrive with intensities /\ié2uest and )\i’e:uest.
e Request sizes for option / are distributed according to probability
measures 11/°(dz) and p/?(dz).
e Bid and ask prices answered for option i (transaction of size z) if the
transaction does not violate risk limits:

Ol —6iP(2) and O +61°(2).

e Probabilities of trading:

fP(5:°(2)) and £72(5°(2)).

17



Inventory in the options

Resulting dynamics of the inventory process

dqi:/
R

where N>® and N are marked point processes with kernels:

ZN"b(dt, dz) — / ZN"3(dt, dz),
R

& i
V?b(dz) = )‘:..ézuestfi’b((si’b(z)) ]l{qt—-ﬁ-ze"GQ}Mi’b(dz)v

N5 (2))

V:.:’a(dz) = )‘iéfquestfi’a((;i’a(z)) ]l{qt_—ze"GQ}Ui’a(dz)-

N-2(57°(2))
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Inventory in the underlying asset

A-hedging

The market maker ensures perfect A-hedging where

N
Ar =" 0s0'(t, S, v4)q;.

i=1
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Inventory in the underlying asset

A-hedging

The market maker ensures perfect A-hedging where

N
Ar =" 0s0'(t, S, v4)q;.

i=1

Continuous trading is our real assumption:
e The assumption of perfect A-hedging can in fact be relaxed.

e One can hedge part of the vega by trading the underlying asset.

— See the appendix of our paper on ArXiv.
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Cash dynamics and Mark-to-Market value of the portfolio

Cash dynamics

5

‘ *
i=1 +

+S5:dA: 4+ d(A,S),.

z(5i’b(z)Ni’b(dt, dz) + 6% (2) N2 (dt, dz)) — o;dq;’>
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Cash dynamics and Mark-to-Market value of the portfolio

Cash dynamics

5

‘ *
i=1 +

+S5:dA: 4+ d(A,S),.

z(5i’b(z)Ni’b(dt, dz) + 6% (2) N2 (dt, dz)) — ogdq;')

Mark-to-Market value of the portfolio

N
Vt = Xt — AtSt == Z q;@é

i=1
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Dynamics of the Mark-to-Market value of the portfolio

Dynamics of the MtM value

Z/ 2)NPb(dt, dz) + 617 (z)N2(dt, dz))

+Zq§do§ — A.dS;

i=1
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Dynamics of the Mark-to-Market value of the portfolio

Dynamics of the MtM value

av, — Z/ 2N (dt, dz) + 572 (2)N*(dt, ) )
+Zq§do§ — A.dS;
fi=il
N . . . .
-y / 2(0}7(2)N'(dt, dz) + 65 (2)N"(dt, )

N
+> g0, 0'(t, St ve) (ap(t, ve) — ag(t, ve)) dt

i=1

+v1:£G10, O'(t, S, ve)dWY .
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Introducing vegas

Vega of the j-th option J

Vi =0 50/(t, St,ve) = 210, 0'(t, S¢, ve).
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Introducing vegas

Vega of the j-th option

Vi =0 50/(t, St,ve) = 210, 0'(t, S¢, ve).

Simplified dynamics of the MtM value

N
av, — Z / 2(52(2)NP(dt, dz) + 615 (2)NP(dt, de)

t Vt (t l/t f
+thV’ dt + Z qiVidWy.
\/jt i=1
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Option market making:
optimization problem,
assumptions, and approximations




Objective function

Objective function: risk-adjusted expectation
2
T N
i E o
sup E |V — —/ =q.V dt
seA 2 Jo <Z2 o

for v a risk aversion parameter and T a time horizon such that
T < min; T'.
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Objective function

Objective function: risk-adjusted expectation

T (e Y
E|vy—2 Sqivi
sup T 2/0 <Z2qtvt> dt

for v a risk aversion parameter and T a time horizon such that

T < min; T'.
s B[S [ 3 [ 2PN @) g scori(e2)
seA o ‘I \\|S5h/r:

N 2
yyi ap(ts ve) — ag(t, ve) v€? /T i
AW dt_ AT ! dt
+ q:V; 2/ 8 J, § q:Ve )

i=1
where £, = + and £, = —.
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Value function

Value function

u:(t,S,v,q) €0, T] x R* x 9w u(t,S,v,q)

given by

u(taS7Va q) = sup IE“(l’,S,l/,q)
(0s)sefe, T) EA:

U Z( Z/ 2 (2N (B (2))Lgq,_ aymeay(d2))

Jj=a,b

N
iriae(s,vs) — ag(s, vs) . LﬁZ ! %
A ds— o | (; qus) ds

2/
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Beating the curse of dimensionality

Assumption 1

We approximate the vega of each option over [0, T] by its value at time
t =0, namely Vi=Vy=V', i=1,...,N.

25



Beating the curse of dimensionality

Assumption 1

We approximate the vega of each option over [0, T] by its value at time
t =0, namely Vi=Vy=V', i=1,...,N.

Assumption 2

Authorized inventories correspond to vega risk limits:

N
Q= {q € RN‘ > dVie [—V,V]}, with V € RT*,
i=1

25



Change of variables

Portfolio vega

N . .
Vi=> gV
i=1
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Change of variables

Portfolio vega

N
=Y
i=1

Optimal control problem

v(t,y, V") = sup E,u,vm)
(0s)sefe, T] €At

[/ ((ZZ/ Z5I’J(z N’J((SI’J(Z)) wrijzvi|<v,ui’j(dz))

i=1j=a,b

.,ra]P(S,l/s) - a@(s,ys) ’Yg
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Low-dimensional HJB equation

Low-dimensional HJB equation

The associated Hamilton-Jacobi-Bellman equation is:
0=0wv(t,v, V") + ap(t,v)0,v(t, v, V") + %ufzaﬁyv(t, v, V")

rap(t,v) —ag(t,v) € r
N 8
N ,
A v(t7 v, V’T) — v(t, v, V" +; zV’) A
153) D e PR : )uan),
i=1j=a,b’ RY

with final condition v(T,r, V™) = 0, where

+V

HY(p) := sup NJ(5")(6" — p).
5200
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Optimal quotes

Once the value function is known, the optimal mid-to-bid and ask-to-mid
associated with the N options, are given by the following formula:

Optimal quotes

)= o i (9 (M2 o 2
z

28



Change of variables when ap = ag

If ap = ag, then v(t,v, V™) = w(t, V™) where w is solution of the
simpler Hamilton-Jacobi-Bellman:

2
0 = Bew(t, V™) — %vﬂ

N
2.2 /R 2L jyr g i <o H

i=1j—=a,b/RL
with final condition w(T, V") = 0.

<W(t, V) — w(t, V" £ zV')

z

)Mi’j (d2),
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Numerical results




Model parameters

. Stock price at time t = 0: Sp = 10 €.

. Instantaneous variance at time t = 0: v = 0.0225 year—!.

. Heston model with ap(t,v) = rp(fp — v) where kp = 2 year~! and
Op = 0.04 year~!, and ag(t,v) = kg(fg — V) where rg = 3 year™!
and 0 = 0.0225 year—1.

1

. Volatility of volatility: £ = 0.2 year™".

. Spot-variance correlation: p = —0.5.
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Strikes and maturities
K={8€,9€10<€,11 €12 €}

T = {1 year, 1.5 years, 2 years, 3 years}.
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Strikes and maturities
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Intensities

/\"J(é):m i€{l,...,N}, j=a,b.

B <)
14 e*tur?

where Arequest = 17640 = 252 x 30 year 1, o = 0.7, and 3 = 150 year?.
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Strikes and maturities
K={8€,9€10<€,11 €12 €}

T = {1 year, 1.5 years, 2 years, 3 years}.

Intensities

/\"J(a):M i€{l,...,N}, j=a,b.

B 50
14 e*tur?

where Arequest = 17640 = 252 x 30 year 1, o = 0.7, and 3 = 150 year?.

Size of transactions

] 105 . . )
7/ = 34% contracts: 1" and '+ are Dirac masses.
0
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Implied volatility surface
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Figure 3: Implied volatility surface associated with the above parameters.
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Value function
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Figure 4: Value function as a function of the portfolio vega for v = 0.0225 —
~=10"3%€"1 t=0, T=0.2 days.



Optimal bid quote
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Figure 5: Optimal mid-to-bid quotes as a function of time for v = 0.0225 —
y=10"° €L
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Optimal bid quotes

00100

00075

0.0050

00025

0.0000

Optimal mid-to-bid divided by price

~0.0025

~0.0050

*

(KT = (8.0,3.0) -

Figure 6: Optimal mid-to-bid quotes divided by option price for K = 8 and
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Optimal bid quotes
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Figure 7: Optimal mid-to-bid quotes divided by option price for K = 9 and
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Optimal bid quotes
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Optimal bid quotes
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Figure 9: Optimal mid-to-bid quotes divided by option price for K = 11 and

v=00225-y=10"°%€"1
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Optimal bid quotes

Optimal mid-to-bid divided by price

Figure 10: Optimal mid-to-bid quotes divided by option price for K = 12 and

- price = 0.62, vega = 5.71
- price = 1.32, vega = 6.63
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Optimal bid quotes in terms of IV
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Figure 11: Optimal bid quotes in terms of implied volatility for K = 8 and

v=00225-y=10"°%€"1
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Optimal bid quotes in terms of IV
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Figure 12: Optimal bid quotes in terms of implied volatility for K = 9 and

v=00225-y=10"°%€"1
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Optimal bid quotes in terms

102
4 (K\T) = (10.0,1.0) - price = 5.87, vega = 12.55, IV = 0.1472
+ (KLT)=(100,15) 27, veg 83,1V = 0.1489
101 . 4 KT = (10.0.2.0) 32, vega = 9.45, IV = 0.1478
Pl (KT = (10.0,3.0) ~ price = 10.24, vega = 7.64, IV = 0.1486
1
trd 1ty
e Cg ;
3 b b
2 LR T AR
g P,
5099 tete it
+ +
3 +
3 + + o,
2 . A +
= . + * o
s . + A
goo . ., -
E + N .,
3 . .
g + e, + o,
] + +
T 097 + .
£ + .,
E +
s . T
s .
2096 +
+
+
+
+
095 +
+
0.94
-10 05 0o [ 10
Portfolio vega 1e7

Figure 13: Optimal bid quotes in terms of implied volatility for K = 10 and

v=00225-y=10"°%€"1
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Optimal bid quotes in terms of IV
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Figure 14: Optimal bid quotes in terms of implied volatility for K = 11 and
v=00225-y=10"°%€"1 i



Optimal bid quotes in terms of IV
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Figure 15: Optimal bid quotes in terms of implied volatility for K = 12 and

v=00225-y=10"°%€"1
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Conclusive remarks

e Option market making is tractable using one- or two-factor
stochastic volatility models.

45



Conclusive remarks

e Option market making is tractable using one- or two-factor
stochastic volatility models.

e |t is possible to go beyond the constant-vega approximation using a
Taylor expansion around that approximation
— see the appendix of our paper.

45



Conclusive remarks

e Option market making is tractable using one- or two-factor
stochastic volatility models.

e |t is possible to go beyond the constant-vega approximation using a
Taylor expansion around that approximation
— see the appendix of our paper.

e A model with several underlying assets can easily be written. The
feasibility of numerical approximation with grids depend on the

global number of factors.
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Thanks for your attention.

Do not hesitate to make remarks and ask questions.
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